Let T be simple, work in C eq over a boundedly closed set. Let p ∈ S(∅) be internal in a quasi-stably-embedded type-definable set Q (e.g. Q is definable or stably-embedded) and suppose (p, Q) is ACLembedded in Q (see definitions below). Then Aut(p/Q) = {σ|p C | σ ∈
Introduction
Hrushovski introduced the binding group in [H1] where he proved that unidimensional stable theories are superstable. He has also used it for the general study of almost orthogonality. The central definition of internality makes sense in the simple context as well: We say that p ∈ S(A) is Q-internal if for every realization a of p there is b with a | b A and a tuple c of realizations of q with a ∈ dcl(b, c). Throughout we adopt the convention that we are working in a large, saturated model C of a complete first order theory with elimination of imaginaries, and we will say explicitly when using hyperimaginaries. p will always be a complete type and Q will be an invariant set, both over ∅. . The proof relied on the definability of types and, as with many other things in the simple context, approaches to the binding group in simple theories are more difficult.
We would like to say a few words about the approach we take to defining the binding group in this paper. First, we will say that p is controlled by a set C over Q (and C is a controlling set for p over Q) if any automorphism of C which fixes Q and C pointwise, fixes all realizations of p. An example worth remembering in the simple context is the random bipartite graph. If p is the 1-type over the empty set in one of the partitions and q is the 1-type over the empty set in the other, then p is controlled by the empty set over q C . Nevertheless, p is foreign to q. The approach we take is to examine circumstances under which there is a controlling set for p over Q when p is Q-internal. It is not known if this is always true. The following fact, due to the second author ([S2] , Theorem 5.6) and Wagner ( [W] , Proposition 3.4.9), shows that it is almost true. R(x,ȳ,ā) such that, for every tuplec, R(C,c,ā) is finite and for every a realizing p, there is some tuplec from Q such that R (a ,c,ā) holds. In this case we say that R(x,ȳ,ā) is a definable one-to-finite relation that covers p by Q (or that R(x,ȳ,ā 
Fact 1.1 Suppose p ∈ S(∅) is an amalgamation base and p is Q-internal.

Then there is a Morley sequenceā in p and there is a definable relation
) is a definable one-to-finite cover of p by Q).
In fact, recently some stronger (and hyperimaginary) versions of this fact has been proved in [S3] . The following version [S3, Theorem 2.2] is the easiest one which will be convenient to apply. As a consequence, with p, Q and I as in the above Fact, the automorphism group of p over Q fixing I is contained in a product of C-many finite groups. It is worth remarking that in the stable case, if p is Q-internal then p is controlled over Q and moreover, p is generated over Q i.e. p(C) ⊆ dcl(Q ∪ A) for some set A. In the simple context, Pillay has an example in which p is Qinternal but is not generated over Q. However, it remains an open question whether if p is Q-internal, p is controlled over Q in any simple theory. The results presented here suggest a quite general assumption in which internality implies controlled, generalizing results from [S2] (e.g. stable-embeddedness of Q and p C ∪ Q is a special case of our assumption).
Controlling Sets
In this section, we show how the techniques used for the multiplicity one case and in the case of internality via a foreign generic parameter, both found in [S2] , can be extended. Throughout this section T is assumed to be simple, p ∈ S(∅) an amalgamation base and Q an arbitrary ∅-invariant set. We assume that all sets are sets of hyperimaginaries and that all types are types of hyperimaginaries. First, a reminder of some definitions. Suppose p is Qinternal. We say that p b ∈ S(b) is a witness for the internality of p in Q if p b doesn't fork over ∅ and there is a |= p b and tuple c from Q such that a ∈ dcl(b, c).
Here is the condition that will be operative for this section. Remark 2.5 We say that p is Q-internal via a disjoint generic parameter (with respect to conjugation over Q) if there is a witness
Note that internality of (internal) multiplicity 1 is a special case of internality via a disjoint generic parameter modulo p. In [S2] it was shown that in each of the above cases p is controlled over Q.
We give here an example of an application of Theorem 2.4. In the following, bdd(Q) = {d|d ∈ bdd(c) for some tuplec from Q}. By the Subclaim and this remark, for every
Claim 2.6 Suppose p ∈ S(∅) is an amalgamation base which is Q-internal, p
Proof of Subclaim Suppose that the b i -s are Q,I -equivalent. Hence for 3 The assumption of ACL-embeddedness of (p, Q) in Q
In this section we work in C eq over a boundedly closed set (i.e. every hyperimaginary that is in the bounded closure of the set is already in the definable closure of it) in a saturated model of a simple theory. Thus, every set, type etc. will be of imaginaries unless stated otherwise. Here p ∈ S(∅) and Q a type-definable set over ∅. The following notation is convenient.
Notation: For any (not necessarily small) set X, we define:
1. ACL(X) is the set of all hyperimaginaries with finite orbits under automorphisms that fix X pointwise.
BDD(X)
is the set of all hyperimaginaries with bounded orbits under automorphisms that fix X pointwise.
3. DCL veq (X) is the set of all objects of the form a/E that are fixed by every automorphism that fixes X pointwise, where a is some (possibly infinite) tuple of imaginary elements and E is a directed union of ∅-definable equivalence relations. Likewise we define ACL veq (X). Proof: 1) If the internal multiplicity of p in Q is 1, then there a definable function f defined over some initial segment of a Morley sequence
2
Here is an example due to Shelah of a simple theory with (p, Q), where p is Q-internal but (p, Q) is not ACL-embedded in Q.
Example 3.3 Consider the complete bipartite graph with partitions I and J and the generic q-colouring ν : I × J → GF (q) (where q = p n for some prime p). Let V be a vector space over GF (q) freely generated by the symbols {v j : j ∈ J}. We interpret I as a set of functionals on V , and V as a set of functions from I to GF (q) by: for i ∈ I and v = j∈J k j v j ∈ V (where
Let M = (I, V, GF (q), , ) (the language L has 3 sorts and contains a constant symbol for each a ∈ GF (q)). By this interpretation we can define in L linear independence over GF (q) in V (note that every set of distinct elements in I is linearly independent).
Claim 3.4 For every n < ω, for every linearly independent v 0 , ..., v n ∈ V over GF (q) and for every a 0 , ...a n ∈ GF (q), there exists i * ∈ I such that i * , v j = a j for every j ≤ n.
Proof: Easy linear algebra.
Note that by Claim 3.4, T h(M ) is ℵ 0 -categorical, has elimination of quantifiers and can be axiomatized by saying that V contains (infinitely many) realizations of each finite conjunction of formulas of the form x, i = a i (for distinct i ∈ I and a i ∈ GF (q)), the content of the above claim, and the sentences saying that the elements of V (viewed as functions from I to GF (q)) are closed under linear combinations. Now, using elimination of quantifiers and Claim 3.4, it is not hard to see that M has D-rank 1.
The counterexample to ACL-embeddedness is interpretable in the previous structure. Let P = I × GF(q), Q = I and R = V . Only the affine structure on R will be present, there will be a projection π from P to Q (π(i, l) = i), and the only other relation is a function f :
The structure we consider is therefore N = (P, Q, R, π, f ). It is reasonably easy to see that P is Q-internal.
(Q) and each fiber π −1 (q) has q elements. If P is fixed by an automorphism then so is all of R so R is contained in DCL(P ∪ Q). But if we simply fix Q and any Morley sequence I in p then R is not necessarily fixed. To see this, notice that for any v ∈ V the map µ v such that x → x + v on R lifts to an elementary map which fixes Q and which (for every q) fixes π −1 (q) iff q, v = 0. IfÎ = π(I) then for any v ∈ V such that i, v = 0 for all i ∈Î, µ v fixes Q and I. Hence (P, Q) is not ACL-embedded in Q.
Similarly, it also follows that Aut(P/Q) ∼ = V and that the multiplicity of P in Q is q (Note that since (P, Q) is not ACL-embedded in Q, Remark 3.2 implies immediately that this multiplicity is > 1.) Now, let us recall some terminology from [S3] . An ∅-invariant set Q is said to be pseudo-stably-embedded if for every complete type q ∈ S(∅) the equiva- 
in this case we write T P (A/Q) = T P (A /Q)). If Q is open then Q (X, X ) is an intersection of ∅-definable equivalence relations.
In this section we prove the following.
Theorem 3.6 Assume Q is quasi-stably-embedded type-definable set, and p is Q-internal. Moreover, suppose (p, Q) is ACL-embedded in Q. Then 1) There is a set (of imaginaries) B ⊆ DCL(p
C ∪ Q) that controls p over Q.
2) Aut(p/Q) is type-definable with its action on p
For proving the Theorem we need two lemmas.
Lemma 3.7 Suppose E(x, x ) is a co-type-definable relation (i.e., defined by the complement of a partial type) which is a bounded equivalence relation on a partial type (x).
Then there is a definable relation E * (x, x ) which equivalent to E(x, x ) on (x) and has finitely many classes on (x).
Proof: Similar to [S1] , Lemma 7.
Lemma 3.8 Assume Q is pseudo-stably-embedded, p is Q-internal, and (p, Q) is ACL-embedded in Q. Then there is a witness pb ∈ S(b) for this internality, whereb is a hyperimaginary in DCL(p C ∪ Q). If Q is assumed to be quasistably-embedded, thenb can be chosen to be a (possibly infinite) sequence of imaginary elements.
Proof: By our assumption, DCL , ψ(a ,c , b) ↔ ψ(a ,c , b ) . Observe that by compactness E is a directed union of ∅-definable equivalence relations. Letp ∈ S(I, b) be any non forking extension of p b . Thenp is a witness for the internality of p in Q. Let Q,I (y, y ) Proof: First, clearly Λ is an equivalence relation (since E is). Clearly
is a finite equivalence relation. Since E is clearly co-type-definable, Lemma 3.7 implies that E is relatively definable inside Q,I (y, b). Thus Λ is a type-definable equivalence relation on tp(b ∧ I). If we are assuming Q is quasi-stably-embedded, Λ will be an intersection of definable equivalence relations. Clearlyb ∈ DCL(p C ∪Q). It remains to check thatp|b is a witness for the internality of p in Q. Indeed, we may assume a |=p. Then a |b and it is enough to show that a ∈ dcl (b,c) . To see that, let σ ∈ Aut (C/b,c) . 
4 Corollaries
In this section we show two results that follow from Theorem 3.6. In this section we work in C eq over a boundedly closed set and T is assumed to be simple.
The first result shows that stable-embeddedness assumptions are sufficient. 
Theorem 4.1 Suppose p ∈ S(∅) is internal in a quasi
2 Now, we discuss the assumption of weak-transitivity of ACL. First, for an ∅-invariant set U and one-to-finite definable relation R(x,ȳ) (ȳ to x) with parameters, let acl R (U ) = {b| R(b,c) holds for some tuplec from U }. Remark 4.3 Note that the assumption that ACL is weakly-transitive on U is weaker than the assumption that for every small set A,
and weaker than the assumption that for all small A, 
